Amorphous solids, as well as many disordered lattices, exhibit remarkable universality in their low temperature properties. A recently introduced two-TLS (two-level system) model explains the quantitative universality of phonon attenuation and the energy scale of 3K below which universality is observed, as a consequence of the existence of two types of TLSs, differing by their interaction with the phonon field. In this paper we calculate analytically and numerically the densities of states (DOS) of the weakly and strongly interacting TLSs. We find that the DOS of the former can be well described by a Gaussian, whereas the DOS of the latter have a power law correlation gap at low energies, with an intriguing dependence of the power on the short distance cutoff of the interaction. Both behaviors are markedly different from the logarithmic gap exhibited by a single species of interacting TLSs. Our analytical results are verified against extensive Monte Carlo simulations. Experimental validation of our results in the amorphous solids will give strong support for the applicability of the two-TLS model to all systems exhibiting the universal phenomena, and at the same time to the notion that the DOS as calculated here essentially reproduce the form of the DOS of the low energy excitations in all amorphous solids. The present model can be also used to characterize random dipolar magnetic insulators having electronic and nuclear spins. Our results then show that the DOS of the electronic spins, and consequently dipolar decoherence by electronic spins, are much reduced at temperatures lower than the hyperfine energy.
I. INTRODUCTION
Amorphous solids, as well as many other disordered systems, show remarkable universality in their low temperature characteristics; their specific heat increasing as T a with a ≈ 1, the thermal conductivity increasing as T b with b ≈ 2 (both quantities increase as T 3 in ordered lattices), and their internal friction is temperature independent [1] [2] [3] . The universality is also quantitative, as all characteristics that are dictated by phonon attenuation suggest a rather similar ratio of ∼ 150 between phonon mean free path to phonon wavelength, in systems ranging from amorphous solids, to disordered lattices, polymers and porous aerogels [3] . All the above phenomena are present below a temperature of 3K, which is, again, rather universal. However, these systems show also characteristic phenomena at higher temperatures, such as a distinct functional dependence of the thermal conductivity, including a plateau between 3 − 10K, and a hump in the specific heat dubbed the "boson peak" [4] .
Much of the universal behavior of disordered systems at low temperatures can be explained by the "Standard Tunneling Model" [5] [6] [7] . This model introduces phenomenologically tunneling two-level systems (TLSs), which interact weakly with the phonon field and negligibly between each other. As TLSs are the dominant dynamic degrees of freedom at low temperatures, they determine also properties like 1/f noise [8, 9] and dielectric properties at ultra low temperatures [10] . TLSs in amorphous films serving as barriers in Josephson qubits restrict quantum coherence, and the synthesis of novel materials having fewer TLSs is a major challenge [11] [12] [13] . Understanding the TLSs nature can help to reduce their destructive effect.
Although the standard tunneling model has been successful in explaining many of the above mentioned characteristics of disordered solids at low temperatures, it left some central questions unanswered, including the explanation of the quantitative universality between different systems, and the origin of the energy scale of ≈ 3K below which universality exists. Recently, it was shown that a "two-TLS" model [14] consisting of two types of TLSs, weakly interacting and strongly interacting with the phonon field, can explain these long standing questions. A central property of the Two-TLS model is the structure of the low energy density of states (DOS) of the weakly interacting and strongly interacting TLSs. The weakly interacting TLSs have energies smaller than ≈ 10K, and are only weakly affected by TLS-TLS correlations. In contrast, the strongly interacting TLSs have typical energies of ≈ 300K, but are significantly gapped at low energies. As a result, it is the weakly interacting TLSs that dictate the universal phonon attenuation at low temperatures and it is the width of their energy distribution, and the consequent gapping of the S-TLS DOS at the same energy scale, that dictates the energy scale of ≈ 3K below which universal properties are observed.
The gapping of the strongly interacting TLSs is a manifestation of the Efros-Shklovskii gap for a system of two types of TLSs interacting via a random dipolarlike interaction. The Efros-Shklovskii gap of low energy single particle excitations in glassy systems with long range interactions [15] has been a subject of thorough theoretical and experimental studies in various systems such as spin glasses [16] , electron glasses [17] [18] [19] [20] , proteins [21] , graphene nanoribbons [22] , and amorphous solids [10, 23, 24] . The particular behavior of the gap dictates thermodynamic and transport properties. Thus, and since the two-TLS model suggests that the low energy excitations in amorphous solids are generically given by the weakly and strongly interacting TLSs as described in the Hamiltonian (1),(2) below, the rigorous calculation of their DOS is of fundamental interest.
In this paper we derive analytically, and verify numerically, the single particle DOS of the weakly and strongly interacting TLSs as are given by the Hamiltonian in Eqs. (1), (2) . The TLSs interact via the acoustic interaction, which is modeled as having a 1/r 3 spatial dependence with a short distance cutoff, and a random angular dependence. Whereas for a single species the Efros Shklovskii correlation gap is derived by a self-consistent calculation for the DOS [15, 25] , the two-TLS structure as presented in the Hamiltonian (1),(2) allows analytical derivation within controlled approximations, not invoking self-consistency. Our results are then confirmed using Monte-Carlo simulations. We find that the DOS of the weakly interacting TLSs is well described by that of a random field Ising model, with an effective field much larger than the interaction, as the former is a result of their interaction with the strongly interacting TLSs. The DOS of the strongly interacting TLSs has a power law dependence on energy at small energies, with a power that depends on the value of the short distance cutoff of the acoustic interaction. This dependence of the DOS on the form of the interaction at short distances is quite remarkable, as the physics of the correlation gap at low energies is that of long distances. We show that it is the product of the interaction energy constant at large distances and the DOS of the weakly interacting TLSs at low energies that dictates the gap behavior. This product depends on the short distance cutoff, because with enhanced cutoff the distribution of the energies of the weakly interacting TLSs becomes narrower, and their DOS at low energies larger.
The paper is organized as follows: In Sec. II we present the model and the analytical derivation of the DOS of the weakly interacting and strongly interacting TLSs. Our numerical results are presented in Sec. III. We then conclude with a discussion of our results and their consequences in Sec. IV. Some details of the analytical derivation of the DOS are deferred to App. A (weakly interacting TLSs) and App. B (strongly interacting TLSs). The numerical calculation of the power law in the DOS of the S-TLSs is detailed in App. C, and the effect of finite size in App. D.
II. ANALYTICAL THEORY
The two-TLS model assumes a bi-modality of the interaction of TLSs with the phonon field. This form of the interaction, which, for the disordered lattices, is rigorously derived [14] and numerically validated [26, 28] , leads to acoustic mediated interaction between tunneling TLSs in disordered systems that is described by the Hamiltonian [14, 27] 
where
S, τ stand for the strongly interacting and weakly interacting TLSs, and are denoted by pseudo Ising spins with
. a, b = S or τ ; and c ab ij is chosen randomly from a Gaussian distribution of width unity. The factor of 1/2 in the first and third terms of the Hamiltonian (1) account for the double summation. J and the dimensionless parameter g ≪ 1. This separation of energy scales, which distinguishes between the weakly interacting τ -TLSs and the strongly interacting S-TLSs, is central to our analysis. In glasses J o is typically of the order of the Debye energy, and g ≈ 0.01 − 0.03 [14, 26, 28] . Both the elastic interaction in glasses and the magnetic dipolar hyperfine interaction decay at large distances as 1/r 3 , but have a different spatial dependence at distances of the order of the interatomic distance. We therefore introduce a short distance cutoffã through Eq.(2), but other forms of the cutoff give similar results. Here and throughout the paper we assume that the S-TLSs and τ -TLSs are randomly placed in a lattice with concentration (density per site) ρ, and distances will be given in units of the lattice spacing a 0 .
The single particle excitation (spin flip) energies for the S-TLSs and for the τ -TLSs are given by
and
The factor of 2 is a result of the spin changing by 2 upon flipping. We then calculate for the τ -TLSs and for the S-TLSs the functional dependence of the single particle DOS at zero temperature, n τ (E), n S (E). The uncorrelated DOS for the S-TLSs and τ -TLSs is given by a Gaussian with typical energy and peak value dictated by the dominating interaction (S − S for the S-TLSs and S − τ for the τ TLSs). However, correlations in between the S-TLSs, between the S-TLSs and the τ TLSs, and in between the τ -TLSs result in a depression in n S (E) and in n τ (E) at low energies. This depression is governed by the Efros-Shklovskii stability criterion [15] , which for the S − S correlations reads:
for any two S-TLSs in the system, while for the S − τ correlations one requires
for any S and τ TLSs, and for the τ − τ correlations
These conditions are a manifestation of the requirement that the ground state must be stable to flips of any pair of spins. Due to the many-body nature of spinspin interactions the energy to flip such a pair can be lower than the sum of the single TLS flip energies. The difference is represented by four times the intra pair interaction term (a factor of 2 for each single spin flip as in Eqs. (3), (4), and another factor of 2 comes from the fact that this interaction energy is counted once for each single flip, but not at all for the double flip). For a single species of TLSs interacting via the dipolar interaction, e.g. for a system described by the Hamiltonian given by the first term in Eq.(1) withã = 0, correlations lead to logarithmic depression of the DOS, which for low energies E is proportional to 1/ log (E o /E) [24, 25] . The same of course would be true for the τ -TLSs in the absence of the S-TLSs. However, the presence of two types of TLSs, with significant difference in their coupling as is given in Eq.(1), changes things considerably.
A. DOS of the weakly interacting TLSs
Let us consider first n τ (E). As is shown below, S-TLS excitations are scarce at low energies, and thus, for the consideration of the τ -TLSs, to first approximation, and up to an overall constant (resulting from the S − S interactions), the Hamiltonian in Eq.(1) reduces at low temperatures to the effective Hamiltonian
which is equivalent to the random field Ising model with the random field
being ≈ 1/g times larger than the interaction. The large random field leads to a substantial reduction of the effect of the τ − τ correlations. The effect of the correlations with the STLSs [present in the full Hamiltonian (1)] is even much weaker because of the smallness of n S (E) at low energies, as is derived below. In Ref. [14] it was shown that n τ (E) dips because of correlations only at energies smaller than g 2 J o , and that the relative decrease in DOS is small, proportional to g. Apart from this decrease we show here that for intermediate TLS spatial concentrations ρ, i.e. ρ ∼ 1 ; 1 − ρ ∼ 1 , n τ (E) is well approximated by a Gaussian distribution [29] . The width of the distribution, E typ τ , is dictated by the Hamiltonian (8). In the limit of a ≫ a o we find
A detailed derivation of the width of the distribution for all short distance cutoffs is given in App.A. Both the Gaussian functional dependence of n τ (E) and the analytical results for the widths of the distribution as function ofã are verified numerically, see Sec. III.
B. DOS of the strongly interacting TLSs
We now turn to the S-TLSs. At energies much larger than gJ o , i.e. energies larger than the maximum energy of a τ -TLS excitation, we expect the S-TLS DOS to have the same functional behavior, i.e. logarithmic depression, as in the absence of the τ -TLSs. This is confirmed numerically in Sec.III. However, at low energies, where S-TLSs are scarce and τ -TLSs are abundant, S −τ correlations as manifested in Eq.(6) dominate the functional dependence of n S (E). We thus calculate the S-TLS DOS resulting from Eq.(6) analytically for energies E ≪ gJ o .
We define P (E) by
wheren S (E) is the S-TLS DOS neglecting S − τ correlations, and calculate explicitly P (E). We use the EfrosShklovskii criterion of stability
which, for each S-TLS, should be fulfilled for all τ -TLSs. Thus, for a given S-TLS, the reduction factor in its probability to be at an energy E coming from fulfilling Eq. (11) for all τ -TLSs is given by Since we are interested in low energies we approximate n τ (E) by a constant given by the τ -TLS DOS at zero energy n τ (0). Substituting z ≡ R 3 we obtain
The detailed evaluation of P (E) is given in App.B. We find that for all values ofã the DOS of the S-TLSs has a power law dependence on energy at low energies
where α is given by
and c is a constant of order unity, a result of the ability to calculate the exponent in Eq. (13) only within logarithmic accuracy. The dependence of α on the interaction cutoffã is through n τ (0). A general derivation of n τ (0), along with the values of α for various cutoffsã and concentrations ρ, is given in App. A, see also Tab. II. For large short distance cutoffs,ã ≫ a o we define cã τ such that
We assume here, for simplicity, ρ S = ρ τ = ρ, but generalization to ρ S = ρ τ is straightforward, see App. A. cã τ weakly depends onã, with the limit
We can then write
emphasizing its scaling as ρã 3 . With decreasingã, α decreases monotonically, reaching the value of α = 0.92 √ ρ forã = 0.
III. NUMERICAL CALCULATIONS
Our analytical derivation of the DOS relies on the Efros Shklovskii criterion for the low energy DOS of the STLSs, and on the assumption of a Gaussian distribution for all but the low energy excitations of the τ -TLSs. In order to check our analytical results and verify the validity of the above assumptions we perform a numerical calculation of the DOS of both the τ -TLSs and the STLSs starting from the Hamiltonian in Eqs. (1)
,(2).

A. DOS of S and τ TLSs
Calculations are performed on cubic lattices of size L, with L = 6 − 14 and periodic boundary conditions. S and τ TLSs are placed randomly in the lattice with concentration ρ where the cases of ρ = 0.25 and ρ = 0.5 are analyzed. In accordance with the model in Ref. [14] we take each occupied site to contain both an S and a τ TLS, and avoid on site interactions, but taking the positions of the S and τ TLSs to be uncorrelated produces similar results. Using Monte Carlo simulation with the Hamiltonian (1),(2) we lower the free energy of the system at temperatures decreasing from 300K to 0.01K. As is the case in realistic systems, our simulations reach very low energy states at the lowest temperature, yet the system does not equilibrate. Such low energy states produce the correct Efros Shklovskii gap once they are stable to single and double spin flips [25] . Both conditions are explicitly checked, and are very well satisfied in our simulations at T = 0.01K. Once we reach the final state of the simulation at a given size, dilution, and interaction cutoff, we measure the excitation energy of each S and τ TLS.
In Fig. 1(a) ,(b) we show the single particle DOS of the τ -TLSs and of the S-TLSs, calculated for a cube of volume 12 × 12 × 12 with impurity concentration ρ = 0.5 and short distance cutoffã = 2, with the parameters J o = 300K and g = 1/30. The typical energy scale for S excitations is indeed J o , a result of the interactions between different S-TLSs. At lower energies n S (E) is logarithmically reduced. The typical energy scale of the τ -TLSs is of order gJ o , a result of their interactions with S-TLSs. In Fig.1(a) we compare our data to the analytical results presented in Sec. II, i.e. to a Gaussian with standard deviation of 1.008gJ o , see App.A, Table I . We obtain an excellent fit, with no free parameters, except at very low energies, smaller than g 2 J o , where it is slightly diminished (by relative magnitude ≈ g) because of τ − τ correlations [14] . Furthermore, the peak value of n τ (E) is ≈ 1/g times larger than the peak value of n S (E), as expected [14] . This validates the fact that τ -TLSs can be described by the random field Ising model, see Eq. (8), with the exception of a small correction at low energies.
The same energy scale, gJ o , which marks the onset of τ -TLSs, marks also the sharp decay in n S (E). In Fig.1(c) we zoom into low energies. We see that at the energy where the τ TLSs appear (≈ 10K) the reduction of the S TLS DOS changes its functional form to a power law, as is demonstrated by a fit of the low energy data to Eq. (14), with α = 2.65 (see Table II (1)]. This graph is shown for comparison in Fig.1(c) . Indeed, in the absence of τ -TLSs the logarithmic gap continues to low energies. In Fig.1(d) we plot the ratio between the DOS of the S-TLSs in the absence and in the presence of the τ -TLSs, singling out the effect of the S − τ correlations on the S-TLS DOS.
B. Dependence of the DOS on the short distance cutoff
In Fig. 2 we plot n S (E) for a cube of volume 12×12×12 with different values of interaction cutoffs. For each value of the cutoff J o ic chosen so that the position of the peak of n S (E) is cutoff independent, and we keep g = 1/30 independent of the cutoff. At low energies we indeed find a deepening of the gap with the power α increasing with increasing cutoffã, with an excellent fit with the values of α obtained analytically in Sec. II. We emphasize that the value of the power α dictating n S (E) at low energies does not depend on our choice of J o , as can be inferred from Eq. (9) and Eq. (15) above (noting that n τ (0) ∝ 1/J o ).
The power α can also be extracted from our numerical results by analyzing the integral plots of the S-TLS DOS. This is done in App.C for various cutoff parameters, with ρ = 0.25 and ρ = 0.5. Despite finite size effects (see App.D) our numerical results for the value of α are in reasonable agreement with the analytical results both in absolute value (see Tab. II), and in the functional dependence of α ∝ ρã 3 predicted analytically forã ≫ a o .
The specific parameters chosen for J o and g are in accordance with reasonable values for amorphous solids and disordered lattices that express the low energy universal characteristics [1] [2] [3] , and specifically with calculated values for KBr:CN [26, 28] . Our results show that with these parameters N S (E) = g 2 N τ (E) at E ≈ 3K for cutoffsã of order unity, in agreement with experiment. The short distance cutoff affects also a system consisting of a single species of TLSs, i.e. having only the first term in the Hamiltonian (1). However, in this case the short distance cutoff only changes the magnitude of the DOS at low energies, but not their functional form. This can be seen in Fig.3 , where N S (E) in the absence of τ TLSs is plotted forã = 0, 2, 4.
IV. DISCUSSION
We have derived analytically and numerically the DOS of the weakly and strongly interacting TLSs within the two-TLS model. We find that the τ -TLSs are confined to energies smaller than ≈ 10 K, whereas the S-TLSs are spread to energies ≈ 500 K, and have a power law gap at low energies. At energies smaller than ≈ 3 K, where the S-TLSs are scarce, the DOS of the τ TLSs is, to a very good approximation, constant, and in a wide regime of energies J τ τ o < E < J Sτ o the τ TLSs are practically non interacting. As such, the characteristics of the τ -TLSs at low energies are equivalent to those introduced phenomenologically in the Standard Tunneling Model [5, 6] . However, within the Two-TLS model (1) these characteristics are derived, and the relation between the density of states and the coupling to the phonon field is obtained in terms of the small parameter g [14] . This allows for the derivation of the magnitude and universality of phonon attenuation (i.e. the value of the tunneling strength and its universality), and the energy scale of gJ o ≈ 3K dictating the temperature below which universality is observed.
Our results for the DOS of the S-TLSs can be used to enhance the understanding of the properties of glasses and amorphous solids beyond the phenomena of the low temperature universality, both below and above the temperature of 3 K. Below 3 K, whereas the number of thermal S TLSs is small, their strong interaction with the phonon field can lead to their dominance of properties in which this interaction contributes with a power larger than two. At temperature larger than 3 K it is expected that the S-TLSs will dominate the properties of glasses, and could be responsible for phenomena such as the plateau in the thermal conductivity at 3 − 10 K and the boson peak.
The two-TLS model was rigorously derived [14] and thoroughly validated [26, 28] for the disordered lattices, which constitute a significant subclass of systems showing universality. At the same time, it provides an explanation for crucial aspects of the low temperature universality as are exhibited in both disordered and amorphous solids. Given the equivalence of the phenomenon as observed experimentally in all systems showing the low temperature universality [30, 31] , it is quite plausible that the Hamiltonian in Eqs. (1), (2) below describes the DOS of the low energy excitations in all amorphous solids. A direct way to check this possibility would be by detecting the existence of the strongly interacting TLSs, and comparing their DOS to our results here. This could be done at high energies using TeraHertz experiments [32] , and at low energies using the recently acquired ability to study single TLSs via their interaction with phase qubits and with strain [33, 34] , which allows distinction between weakly and strongly interacting TLSs. Such verification of the applicability of our results to the amorphous solids would give strong support to the general applicability of the Two-TLS model in describing the low temperature universality in glasses [14] . It will also lead to an enhancement of our understanding of the microscopic nature of amorphous solids, and its relation to the detailed characteristics of the TLSs, and to the properties of amorphous solids at low temperatures.
Our results can also be carried through to magnetic insulators, as our model in Eqs. (1), (2) below describes the interactions of electronic and nuclear spins (the electron spin-spin interaction, the electron nuclear hyperfine interaction, and the nuclear spin-spin interaction are described by the first, second and third terms respectively). In particular, our results suggest a remarkable reduction in electronic spin flip rate in random magnetic systems at temperatures corresponding to the thermal energy being smaller than the typical hyperfine interaction. This implies a corresponding reduction in the decoherence of spin qubits at very low temperatures, and is a subject of a separate study. In this Appendix we calculate explicitly the variance of the distribution of the single particle excitation energies of the τ -TLSs, neglecting the Efros-Shklovskii type correlations.
where j denotes all sites on the lattice except the origin. We consider here only the dominant S − τ interaction. The impurities are placed randomly on the lattice sites, with density ρ S . However, for the averaging we can assume all sites are occupied and multiply by ρ S . Let us first consider the caseã >> a o (and take a o = 1). In this limit we can approximate of the distribution of nτ (E) for various cutoffs. Results are given for n = 0.5. Results for other spatial concentrations n are easily deduced since both exact and approximate values are proportional to √ ρ.
(A2) Performing the integral and taking the square root we obtain for the standard deviation of the distribution we obtain
The calculation above allows for the τ -TLSs to have either positive or negative energies. At zero temperature, however, all TLSs are at their ground states, and we are interested in the distribution of their excitation energies. This is given by the positive part of the Gaussian distribution, multiplied by two, as all negative values become positive (physically, a negative value means that a τ -spin is placed in its high energy state, and thus needs to be flipped). The peak value of the distribution at E = 0 is then obtained
where in the last equation we assume for the spatial densities of the TLSs ρ S = ρ τ ≡ ρ.
For the calculation of the uncorrelated distribution of the single particle excitations of the S-TLSs the same equations hold replacing g with unity and ρ τ with ρ S .
If the conditionã ≫ a o is not fulfilled, one needs to evaluate the sum in Eq.(A1) explicitly. Forã = 0 one finds E for various cutoffs are given in Table I , and compared to the approximate values calculated with Eq.(A3). The excellent agreement between our results here and the Monte Carlo results presented in Sec.III support the validity of the description of the τ -TLSs via the effective Hamiltonian (8) . Note, that ifã ≫ a o , and ρ ≪ 1, our arguments above hold for the typical energy, but the distribution deviates from a Gaussian [35] . 
Appendix B: Analytical calculation of the S-TLS DOS
In this appendix we derive the low energy density of states of the S-TLSs as is given in Eqs. (14)), (15) in the main text, starting from Eq. (13) .
We start by performing the integration dz. Using the fact that the Θ function reduces to the condition
we obtain
Defining E' τ ≡ E τ + E and performing the integration dE' τ we obtain, up to logarithmic accuracy,
For E ≪ 4gJ o /ã 3 , replacing inside the log η = 1 and performing the η integration we obtain
Using the definition in Eq.(10), the form of n S (E) in Eq. (14) In Sec.II we derived analytically the power α of the S-TLS DOS at low energies. Here we extract this power numerically by analyzing the integrated DOS for various values of the interaction cutoff and for ρ = 0.25 and ρ = 0.5. The integrated DOS is plotted in Fig.4 for a cube of volume 14x14x14, with ρ = 0.25 andã = 0, 1, 2, 3. The same data is plotted in a log-log scale in Fig.4(b) . The power α can in principle be obtained by a linear fit to the data at low energies, and then subtracting unity from the obtained slope. Because of finite size effects, and scarcity of hte data at the very low energies, we approximate α by fitting the data at the energy range of 1 − 3K. We determine the statistical errors using a bootstrap analysis. The same procedure is then repeated for ρ = 0.5. We present our results in Table II , and compare them to our analytic results. Note that the numerical results are in reasonable agreement with the analytically obtained functional dependence of α ∝ √ ρ, and for cutoffsã = 2, 3 with the functional dependence of α ∝ ρã 3 predicted analytically forã ≫ 1.
